
IREMOF THECUBE
Ho(X(S), 0x1s1) =kIS)(A)

Theorem:Letp.XtS be atproper, flat andreallyintegralmorphism. Let
2 =PicIX), thereis a cased subscheme, I4S stFT+S, T-7- S factors
21x+=p*M,MEPicIT.

1.Functor:
Definition:LetXS bean (Al morphism define Picxis (S)=PiclX//p*PicLSI
extend this toa functor Picxis:Schis -> Ab

T Picxx IT).

Terminology:LetX-S be an (A)-morphism.
· A 1.62 EPicIX) is S-trivial if 2 =0 in Picx/s (2 =p*M MtPic(SII.
· I, Es 22 if 2,=22 in Picxis.

Remark:A1.6 2EPicLX is S-trivialitpr2EPicLS) and p*p*2=I
Proof:For (Al-morphisms, we have p*Ux=Us. If 2 is S-trivial,
2 =p*M MtPicS. 21:PA2 = M. p*2:P*P*2=M, as locally on S, MEOS
we have p*p*0S =P*OX= OS - PAL =M.

Theorem (Grotherdieck):(to be proved later)
Picxis is representable.

Remark:Seesaw theorem justsays thatPicxis is separated.
2,22tPicxisIS), zlTl=IT-S /2,xt= 221x+ modTY is a closed subscheme.

ETtheT Remark:I in season is 7 -
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Theorem oftheCube:
LetX,Y ->S be (Al-morphisms. Sis connected. LetxeX(S), y =YIS1. Let
2 Pic(XxsY) s.t. ISeS with2is trivial.

(I)
=>2=Sxy1xxy 2xxy2/xxy mods where xxy:XxsY- Xxsly?.

Proof: By seesaw let z4 S where M =2-* -x1y f1xx1y) & 2xxy219x2xY
· Fit z=D by III.
As Sis connected, I openwill conclude. Tostow thatisopen, Xzez

SpeclOs,z)+ E, if E =VII, itmeas thatOS,z. I=0, itsuffices to show
Osiz/m2. I =0 1=> IMme=0)
To simplify theargument, letam? 0s,t sequence ofideals, 1c =0 and

an/an+1=fIs).

Goal:Osiz/an.I=0 In. Using universal propertyofVIII=7same as showing that
Mirn is trivial. Sp=Spec/0s/an), Vn=Snxs(XxsY).

Induction on :For n=1 by assumption (I) Ov,MV,ifIcalift to a
On:Oun- Mirn by Nakayama on would be an iso.



O- an.

Mn+1-MntI-Mn-Obeiten, by simplifying trickl
On liftsi SIOn1=0

S
HOLVn,Mn) >HIV,Ov,l

36 S Kenneth!
M911Xx1y9) Isn,Mn1-1 AHOl[x3xYIsn, MnI-1 -H'Xx3y31s,-) H11x3xYIS,-)

On both[x3xY and Xx/y) Mis trivial of thelifting problem for boththese spaces
and (Mn) has a solution - S, IOn11yxx) =82 (On 14xx) =0 D

Remark:Theorem oftheCube Picxy/h = Picx/ x PicTik

Corollary:Lette=th, let XiY/k be proper schemes and Elle any connected scheme.
For 2tPicIXxYXElany ,

=Px, xz2zpxz23 wher
Pxxy:xxYxz

- XXY is theprojection.

Proof:Xx4xZ-7 and apply cube to 2*P*x21xxx1z).
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